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What is this tutorial about?

We know qubits are useful but what about oscillators?  

[Superconducting circuits, trapped ions, Rydberg atom arrays, Photons]

1) Can we take advantage of their large Hilbert space?  

2) Do they offer hardware efficiency in various tasks including 

quantum simulation?

3) Can we do quantum error correction with bosonic modes?  
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What is this tutorial about?

We know qubits are useful but what about oscillators?  

[Superconducting circuits, trapped ions, Rydberg atom arrays, Photons]

1) Can we take advantage of their large Hilbert space? YES

2) Do they offer hardware efficiency in various tasks including 

quantum simulation? YES

3) Can we do quantum error correction with bosonic modes? YES
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CV: continuous-variable

DV: discrete-variable





PART I - Physics and foundations of hybrid 
CV-DV quantum computation

ÅContinuous-variable (CV) states, operators, representations

ÅUniversal CV-DV quantum computation

ÅGaussian (Clifford), non-Gaussian (magic), and hybrid CV-

DV gates

ÅMeasurement

ÅExperimental realizations: superconducting and trapped 

ions



Continuous -Variable Quantum Computation 101
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Cool it down to very low temperature
άǉǳŀƴǘƛȊŜέ

Qubit Q. Oscillator

Bosonic Quantum States Bosonic Quantum Gates

+ gates to Entangletwo oscillators

Single-oscillator gate

Recall: 

is a function of 



8

Two views of the oscillator Hilbert space:

(a) Discrete but countably infinite Fock basis:

(b) Continuous position/momentum basis:
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Hierarchy of Continuous-Variable (CV) States:

Level 0: Gaussian states
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Hierarchy of Continuous-Variable (CV) States:

Level 0: Gaussian states
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Visualizing flows in phase space can be 

useful:



Q: Is continuous-variable QC the same as qudit-

based QC?

No, because CVs are technically infinite-dimension, 

only when truncate will be finite-dimension.

Q: What if we truncate the oscillator to d-levels?

No, because bosonic statistics can be missing.

Sqrt(m) is hides the hardness 

/ advantages. 
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Hierarchy of Oscillator Gate Operations

(view any unitary as Hamiltonian evolution)
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Phase space translations do not commute

Phase space has constant Berry curvature

BakerïCampbellïHausdorff formula:

Equivalently:

Proof:

Can motivates the study of CV stabilizer QEC codes, e.g., arXiv:2411.04993
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Displacements are the CV analog of the Paulis.

What is the CV analog of the DV Clifford 

Group?
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Quadratic Hamiltonians generate maps 

of displacements to displacements

Recall:

DV Clifford operations C map the Pauli group 

to itself

What CV operations map displacements to 

displacements?
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Quadratic Hamiltonians are CV 

analogs to generators of the 

Clifford group

2-qubit DV Clifford operations like 

CNOT can create entanglement:
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CV two-mode squeezing generates 

entanglement:

How to see this?

Taylor expansion, and re-
collecting all terms for fixed n. 
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DV Clifford circuits create entanglement 

but are easy to simulate classically by 

tracking stabilizer evolution

CV óCliffordô circuits map Gaussian states 

to Gaussian states but are easy to 

simulate classically by following evolution 

of mean and covariance matrix of the 

Gaussians.

Non-Clifford DV gates (e.g., T gates) 

produce ómagicô (i.e., non-stabilizerness) 

needed to violate Bell inequalities and 

achieve quantum advantage.

Non-Clifford CV gates (e.g., generated by 

cubic Hamiltonians) produce ónon-

Gaussianityô and óWigner negativityô required 

to achieve quantum advantage.

It is clear what ónon-Gaussianityô is. What 

about óWigner negativityô?



Deep Dive on Hybrid Gates:

For real ♫

Why are these two definitions equivalent?
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Deep Dive on Hybrid Gates:

For real ♫

Why are these two definitions equivalent?



Deep Dive on Hybrid Gates:

For real ♫

Why are these two definitions equivalent?

‌ ‌ for odd k



How does displacement gate work?

Note:

This means displacement shifts the 

position by Re(‌), and shift 
momentum by Im(‌). 

Cat state Wigner function.

x

p



x

p



Analog of the SWAP on 

oscillators:



Generate entanglement under Fock basis 

between two modes:

Bloch -Messiah Decomposition

Any 2N ×2N real symplectic matrix M can be

decomposed into the form
ὓ ╞ Ἠ╞

Å Allows decomposition of arbitrary two-mode 

gate into number preserving and single-mode 
squeezing.



This allows quantum 

arithmetic on continuous-

variables!

Generate position correlated 

(entangled) states.
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CV-DV comparison

(DV) (CV)
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Wigner 

negativity

Å Wigner negativity causes rapid sign oscillations in 

the quasi-probability distribution, making it difficult 

to simulate by classical Monte Carlo to obtain 

expectation values of observables:                 .  

Å Cannot have true phase space probability 

distribution because                . 
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Wigner Function Measurement:

Measure ódisplaced parityô via phase kickback on controlled parity gate
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Characteristic Function Measurement:

Measure ódisplacement operatorô via phase kickback on controlled 

displacement gate

Controlled displacement gate 

(also natively available in ion traps )
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What about experimental realizations?



Cavity Quantum Electrodynamics with Superconducting Circuits

Figure by courtesy of Prof. Chen Wang (UMass Amherst)

Coupling strength and frequency is set once fabricated.



Native Qubit -Cavity Operations

Å The native qubit -controlled cavity phase gate cannot be turned off !

Å No real idling gate.



Trapped Ion Quantum Computer

Scientific Reports4, 3589(2014).

Qubit or qudit -> Ion

Oscillators : Ionsô collective 
motion / vibration

Å Qubit-oscillator 
interaction can be 

switched on-off by laser
Å One qubit can couple to 

many modes

Readout / Measurement

(fluorescence of ions)

Nature Reviews Materials6, 892ς905 (2021).

Jaynes -Cummings Gate

https://www.nature.com/srep
https://www.nature.com/natrevmats


Oscillator -Only Gates



Hybrid Oscillator -Qubit Gates



PART II - Instruction Set Architectures, 
Abstract Machine Models, and Compilation 
Techniques

ÅAMMs: How to remove some physical-level details to construct 

abstract machine models for hybrid CV-DV quantum processors?

Å ISAs: What is a minimal set of gates that are universal?

ÅSynthesis and compilation methods: how to compose the gates 

together to achieve a desired calculation?

ÅBosonic QEC
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arXiv: 2407.10381

[3D resonator + 1 transmon]
local universal control

Minimal cross-talk

High-fidelity parallelizable 
bosonic communication 
SWAP network

c.f. ion-ƣƖċƓШћċũũ-to-ċũũќ

3 distinct AMMs 
(abstract machine models)
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arXiv: 2407.10381

[3D resonator + 1 transmon]
local universal control

Minimal cross-talk

High-fidelity parallelizable 
bosonic communication 
SWAP network

c.f. ion-ƣƖċƓШћċũũ-to-ċũũќ

3 distinct AMMs 
(abstract machine models)

High on-off ratio (microwave activated) 
beam splitters between detuned 

cavities

No direct qubit-qubit coupling
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arXiv: 2407.10381

[3D resonator + 1 transmon]
local universal control

Minimal cross-talk

High-fidelity parallelizable 
bosonic communication 
SWAP network

c.f. ion-ƣƖċƓШћċũũ-to-ċũũќ

3 distinct AMMs 
(abstract machine models)



Three AMMs and Their Characteristics
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Eickbusch et al., Nat. Phys. 
(2022)

Phase-space instruction set

ω Conditional displacement

ω Single qubit rotations

ω Beamsplitters

Heereset al., PRL (2015)

Fock-space instruction set

ω Photon number-selective qubit rotations

ω Unconditional displacements

ω Beamsplitters

Trapped ions and Circuit QED Circuit QED

ΨǎǇƛƴ ŘŜǇŜƴŘŜƴǘ ŦƻǊŎŜǎ ƻƴ ƻǎŎƛƭƭŀǘƻǊΩΨǇƘƻǘƻƴ ƴǳƳōŜǊ ŘŜǇŜƴŘŜƴǘ ǉǳōƛǘ ǊƻǘŀǘƛƻƴǎΩ
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Short course on quantum control theory

A two-level system (qubit) is controllable with classical drives
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A quantum system is controllable iff the Lie algebra generated by the available 
controls spans the space of operators on the Hilbert space, i.e.,  is full-rank.
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A quantum harmonic oscillator is not controllable with classical drives
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Classical drives can displace/boost the oscillator (e.g.,                              )
to create coherent states, but cannot create, e.g., Fockstates.
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Ĕ Ĕx x+D­
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À

Ĕ

Phase-space Instruction Set (trapped ions and cQED)

             [Dispersive]
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In order to fully control a harmonic oscillator, we require 
an anharmonic object (e.g., a qubit) as an auxiliary controller.
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2 2

Ĕ Ĕ ĔĔ ĔĔ, ] ( )  (conditional squeezing!)

Ĕ Ĕ Ĕ Ĕ Ĕ ĔĔĔ ĔĔ, , ]] ( 2

Operator algebra does  close  universal control

With Trotter-Suzuki + Baker-Campbell-Hausdorf we can exponentia
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Instruction Sets for Oscillator and Hybrid Oscillator -Qubit Universal Control
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ISA Example: (Echoed) Controlled-Displacement + Qubit Rotations

Fast Universal Control of an Oscillator with Weak Dispersive 
Coupling to a Qubit, A. Eickbusch et al. (Devoret Lab)                      

Nature Physics(2022)

cos sin
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x yi

R e
q

js js
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Qubit Rotation Gate

Circuit depth 
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Conditional Displacement Gate
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https://www.nature.com/nphys
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(Echoed) Controlled-Displacement ISA:

tƘŀǎŜ {ǇŀŎŜ ΨtƻǊǘǊŀƛǘǎΩ ƻŦ 
Photon FockState Generation

Eickbusch et al. (Devoret Lab) Nature Physics(2022)

Numerically optimized circuits to solve the disentangling 
problem and create correct unitary.

positio
n

m
o

m
e
n
tu

m

This is 
ŘŀǘŀΧΦ

Note Strong Wigner negativity

https://www.nature.com/nphys
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(Echoed) Controlled-Displacement ISA: Fast Universal Control of an Oscillator with Weak 
Dispersive Coupling to a Qubit, A. Eickbusch et al. (Devoret 
Lab) Nature Physics(2022)

Squeezed states

Binomial QEC code word states GKP QEC code word states

https://www.nature.com/nphys
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Numerically optimized gate sequences are 
highly expressive (efficient )

but 
incomprehensible.
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Hybrid CV-DV Architecture

High-level instructions

Low-level instructions

Connectivity, QEC options,

Error model, é

Are there ways to analytically

synthesize oscillator -oscillator and 

multi -qubit gates?
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Oscillator-mediated multi-qubit 

gates (ion traps and circuit QED)

Displacement of oscillator:

The key ingredient:
Phase space displacements do not commute

Qubit-controlled displacement:
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2Example qubit-qubit entangling gate: ( )
i Z Z

ZZ e
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q
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x
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61

2Example qubit-qubit entangling gate: ( )
i Z Z

ZZ e
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2Example qubit-qubit entangling gate: ( )
i Z Z

ZZ e
q

q
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x
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Cavity 2, Qubit 2 Cavity 1, Qubit 1
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2Example qubit-qubit entangling gate: ( )
i Z Z

ZZ e
q

q
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2Example qubit-qubit entangling gate: ( )
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2Example qubit-qubit entangling gate: ( )
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2Example qubit-qubit entangling gate: ( )
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2Example qubit-qubit entangling gate: ( )
i Z Z

ZZ e
q

q
- Ã

=

x

p

Cavity 2, Qubit 2 Cavity 1, Qubit 1

Beam

Splitter
x

p

2
1 22

2 2

2

1 1

12 12 1

= )CD ( ) )

S

CD (CD ( CD (

WAPe SWA

)

Not :   CD CD P

i Z Z
e i i

a a a a a- Ã
- ++ -

=

No dependence on oscillator state!

(Disregarding photon loss, cavity self-Kerr)

Qubits 1 and 2 can be separated by arbitrary distance

High fidelity SWAPS F=0.999 (0.9998 with post-selection on 

photon loss)
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Details in arXiv: 2407.10381

Arbitrary Pauli-Weight Multi-Qubit 

Gates
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Local Alternating Quantum Classical Computations



Key to unleash 

Hybrid CV-DV 

computational 

power!



Two Representations of Hybrid CV -DV Operators

Å Hermitian Generator Picture

Å Unitary Picture

: generators for n-qubit 

system (e.g., Pauli)

(n qubits, m oscillators)

e.g., single qubit-oscillator:



Origins of QSP: Robust Spin 

Rotation Control in NMR

Drive pulse amplitudeDrive pulse phase

Composite pulses:

Error No error on •

roughly constant in time

Error suppression!

yx

z


